Abstract. The numerical method of the one-dimensional non-homogeneous heat equation on an unbounded domain is considered. Two exact artificial boundary conditions are applied on two artificial boundaries to limit the original problem onto a bounded computational domain. Then the finite difference method is developed by using the method of the reduction of order for the control equation and artificial boundary conditions. It is proved that the finite difference scheme is stable and convergent with the order 2 in space and order 3/2 in time under an energy norm. A non-homogeneous numerical example demonstrates the unconditional stability and the accuracy of the algorithm.
Introduction
Heat equation arises from many fields, for examples, the heat transfer, fluid dynamics, astrophysics, finance or other areas of applied mathematics. For the problem on unbounded domains, in [1] and [2] derived an exact artificial boundary condition, obtained the corresponding numerical solution for heat equations by FEM and FDM in one-dimensional and two-dimensional cases, showed the effectiveness with numerical examples, but had no error estimate. Wu and Sun (2004) in [3] applied the artificial boundary condition in [1] to investigate the numerical solution of heat equation on the semi-infinite interval, proving the unconditional stability and convergence with order 2 in space and the order 3/2 in time under an energy norm.
In this paper, we consider the following Cauchy problem of one-dimensional non-homogeneous heat equation: 
According to the work of Han and
Huang in [1] and Wu and Sun in [3] , we can reduce the initial problem to an initial-boundary problem on a bounded domain:
The finite difference scheme and corresponding error estimation
We discretize the above problem as follows. Divide the domain [ , ] x x r l . n N ≤ ≤ Moreover, denote n U i be the numerical solution of ( , ) u x t at ( , )
x t n i and introduce the notations:
Define the grid function:
Applying finite difference method for (4)- (8), we have
where
c are constants independent of τ and h.
Omitting the small error terms in (8)-(13), we construct a finite difference scheme: 
, We can obtain the stability and the convergence of the finite difference scheme using Gronwall inequality as follows by using the methods in [4] and [5] . (14)- (18), ( , ) u x t be the solution of problem (4) where   1  2  3 max{ , , } c c c c = .
Numerical example
We introduce the following definitions: 
which has the exact solution We can see in Table 1 that the order of convergence agrees with the theoretical order 3/2 in time during the different time periods, since Theorem 2 gives
illustrates the theoretical order 2 of convergence since Theorem 2 gives We can also see in Figure 1 that the numerical result is unconditionally stable during the computational time period, regardless of the mesh ratio 
Conclusions
The numerical solution to the non-homogenous heat equation in the unbounded domain is considered. Similar to the numerical methods of non-homogenous heat equation in the halfunbounded domain in [1] and the involved homogenous heat equation in unbounded domain in [5] , we convert the original problem to an initial-boundary value problem by using two exact artificial boundary conditions. Then the finite difference scheme is obtained by the method of reduction of order. The stability and the corresponding error estimate of (19)- (23) 
